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Abstract 

We calculate and identify the counterparts of zero-norm states in the old covariant first quantised 
(OCFQ) spectrum of open bosonic string in two other quantization schemes of string theory, namely 
the light-cone DDF zero-norm states and the off-shell BRST zero-norm states (with ghost) in the 
Witten string field theory (WSFT). In particular, special attention is paid to the inter-particle 
zero-norm states in all quantization schemes. For the case of the off-shell BRST zero-norm states, 
we impose the no ghost conditions and recover exactly two types of on-shell zero-norm states in the 
OCFQ string spectrum for the first few low-lying mass levels. We then show that off-shell gauge 
transformations of WSFT are identical to the on-shell stringy gauge symmetries generated by two 
types of zero-norm states in the generalized massive u-model approach of string theory. The high 
energy limit of these stringy gauge symmetries was recently used to calculate the proportionality 
constants, conjectured by Gross, among high energy scattering amplitudes of different string states. 
Based on these zero-norm state calculations, we have thus related gauge symmetry of WSFT to 
the high-energy stringy symmetry of Gross. 
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I. INTRODUCTION 



Recently it was discovered that [1, 2] the high-energy hmit a' — > oo of stringy Ward 
identities, derived from the decouphng of two types of zero-norm states in the OCFQ spec- 
trum, imply an infinite number of linear relations among high energy scattering amplitudes 
of different string states with the same momenta. Moreover, these linear relations can 
be used to fix the proportionality constants between high energy scattering amplitudes of 
different string states algebraically at each fixed mass level. Thus there is only one indepen- 
dent component of high energy scattering amplitude at each fixed mass level. For the case 
of string-tree amplitudes, a general formula can even be given to express all high-energy 
stringy scattering amplitudes for arbitrary mass levels in terms of those of tachyons [1, 3]. 
These zero-norm state calculations are independent of the high-energy saddle-point calcu- 
lations of Gross and Mende [4], Gross [5] and Gross and Manes [6]. In fact, the results 
of saddle-point calculations by those authors were found [1-3] to be inconsistent with high 
energy stringy Ward identities of zero-norm state calculations, and thus could threat the 
validity of unitarity of string perturbation theory. A corrected saddle-point calculation was 
given in [3], where the missing terms of the calculations in Refs [4,5,6] were identified to 
recover the stringy Ward identities. 

The importance of zero-norm states and their implication on stringy symmetries were 
first pointed out in the context of massive cr-model approach of string theory [7]. Some 
implications of the corresponding stringy Ward identities on the scattering amplitudes were 
discussed in [8] . On the other hand, zero-norm states were also shown [9] to carry the space- 
time a;oo symmetry [10] charges of 2D string theory [11]. This is in parallel with the work 
of [12] where the ground ring structure of ghost number zero operators was identified in the 
BRST quantization. All the above interesting results of 26D and 2D string theories strongly 
suggest that a clearer understanding of zero-norm states holds promise to uncover the fun- 
damental symmetry of string theory. Recently, a simplified method to generate zero-norm 
states in 26D OCFQ bosonic string was proposed [13] . Based on a simplified prescription to 
calculate positive- norm propagating states given in [14], general formulas of some zero-norm 
tensor states at arbitrary mass levels were calculated. Unfortunately, general formulas for 
the complete set of zero-norm states are still lacking mostly due to the high dimensionality 
of spacetime D = 26. However, in the 2D OCFQ string theory, a general formula of zero- 



2 



norm states with discrete Polyakov's momenta at arbitrary mass levels was given in terms of 
Schur Polynomials [9]. On the other hand, for the case of 26D string, the background ghost 
transformations in the gauge transformations of WSFT [15] were shown [16] to correspond, 
in a one-to-one manner, to the lifting of on-shell conditions of zero-norm states in the OCFQ 
approach. 

In this paper, we shall calculate and identify the counterparts of zero-norm states in two 
other quantization schemes of 26D open bosonic string theory, namely the hght-cone DDF 
[17] zero-norm states and the off-shell BRST zero-norm states (with ghost) in WSFT. In 
particular, special attention is paid to the inter-particle zero-norm states in all quantization 
schemes. For the case of off-shell BRST zero-norm states, wc impose the no ghost conditions 
and recover exactly two types of on-shcU zero-norm states in the OCFQ string spectrum for 
the first few low-lying mass levels. We then show that off-shell gauge transformations of 
WSFT are identical to the on-shell stringy gauge symmetries generated by two typse of zero- 
norm states in the OCFQ string theory. Our calculations in this paper serve as the first step 
to study stringy symmetries in hght-cone DDF and BRST string theories, and to bridge the 
links between different quantization schemes for both on-shell and off-shell string theories. 
In section II, we first review the calculations of zero-norm states in OCFQ spectrum. The 
most general spectrum analysis in the helicity basis, including zero-norm states, was then 
given to discuss the inter-particle D2 zero-norm state [7, 8] at mass level = 4. We will 
see that one can use polarization of either one of the two positive-norm states to represent 
the polarization of the inter-particle zero-norm state. This justifies how one can have the 
inter-particle symmetry transformation for the two massive modes in the weak field massive 
(T-model calculation derived previously [7]. In section III, we calculate both type I and type 
II zero-norm states in the light-cone DDF string up to mass level = 4. In section IV, we 
first calculate off-shell zero-norm states with ghosts from linearized gauge transformation of 
WSFT. After imposing the no ghost conditions on these zero-norm states, we can reproduce 
exactly two types of zero-norm states in OCFQ spectrum for the first few low-lying mass 
levels. We then show that off-shell gauge transformations of WSFT are identical to the on- 
shell stringy gauge symmetries generated by two typse of zero-norm states in the generalized 
massive cr-model approach [7] of string theory. The high energy limit of these stringy gauge 
symmetries was recently used to calculate the proportionality constants among high energy 
scattering amplitudes of different string states conjectured by Gross [5]. Based on the zero- 
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norm state calculations [1-3], we have thus related gauge symmetry of WSFT [15] to the 
high- energy stringy symmetry conjectured by Gross [4-6]. Finally, a brief conclusion is given 
in section V. 



II. ZERO-NORM STATES IN THE OCFQ SPECTRUM 

In the OCFQ spectrum of open bosonic string theory, the solutions of physical states 
conditions include positive-norm propagating states and two types of zero-norm states. The 
latter are [18] 

Type 1 : L_i \x) , where Li \x) = L2 \x) = 0, Lq \x) = 0; (2.1) 
Type II : (L_2 + ^L\) \x) , where Li |^ = L2 \x) = 0, (Lq + 1) \x) = 0. (2.2) 

Eqs.(2.1) and (2.2) can be derived from Kac determinant in conformal field theory. While 
type I states have zero-norm at any spacetime dimension, type II states have zero-norm only 
at D=26. 

A. Zero-norm states with constraints 

The solutions of Eqs.(2.1) and (2.2) up to the mass level vr? — ^ are hsted in the following 

[13]: 

1. ^2 ^ ^ Q . 

L_i \x)^k- q;_i |0, k) ; \x) = |0, k) ; \x) = |0, k) . (2.3) 

2. = -A;2 = 2 : 

3-^1 5 3 _ 

(L_2 + -L\) \x) = [-a_i • a_i + -k ■ a_2 + -{k ■ a.if] |0, k) ; |a;) = |0, k) , (2.4) 

L_i \x) = [9 ■ a_2 + (k ■ a-i){9 ■ a_i)] |0, k);\x) ^9- q;_i \0,k),9-k^0. (2.5) 

3. = -A;^ = 4 : 
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(L_2 + -Lil) \x) = {AO ■ a_3 + -(a-i • • a_i) + -{k ■ a-2){0 ■ a_i) 



+ -(A; • ■ + 3{k ■ ■ a_2)} |0, k) ; 

|x) = ^ • q;_i \0,k),k-e^O, 



(2.6) 



\x) = |0, -fc) , A; • ^ = r^O^,, - 0, - e,^, (2.7) 



1 3 

L_i \x) = [-(A; • q;_i)^(^ • a_i) + 29 ■ q;_3 + -{k ■ a_i){9 ■ q;_2) 

+ ^(A;-a_2)(^-a-i)] |0,A;); 
\x) = [29 ■ q;_2 + {k ■ a^i){9 ■ a_i)] \0,k),9-k^0, (2.8) 



L_i \x) = [^(^ • «-i)^ + ' <^-i)('^-i ■ '^-i) + 9(Qi-i • Qi-2) 

+ 21{k ■ a_i){k ■ q;_2) + 25(A; ■ a.g)] |0, k) ; 

25 9 17 

k) = [y^ • «-2 + 2«-i • «-i + -ji^ ■ |0' ^) ■ (2-9) 

Note that there are two degenerate vector zero-norm states, Eq.(2.6) for type II and 
Eq.(2.8) for type I, at mass level w? = 4. We define D2 vector zero-norm state by antisym- 
metrizing those terms which contain atiOi'i2 in Eqs.(2.6) and (2.8) as following [7] 

1^2) = [{^k^k,9x + 2r]^Jx)a\a'_^0i\ + 9A;^^.q;L^2«-i - ^0^,a^_^] |0, A;) , A; • ^ = 0. (2.10) 

Similarly Di vector zero-norm state is defined by symmetrizing those terms which contain 
at^a'L^ in Eqs.(2.6) and (2.8) 

1^1) = [(^^/.Ma + ^^..9x)a^_la''_^a\ + 9A;^^.ai''2"-i + 6^m«-3] |0, A;) , k-9 = Q. (2.11) 
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In the generalized massive cr-model approach of string theory, it can be shown that each 
zero-norm state in the OCFQ spectrum generates a massive symmetry transformation for 
the propagating string modes. In particular, the inter-particle symmetry transformation 

corresponding to the D2 inter-particle zero-norm state in Eq.(2.10) can be calculated to be 



where d^O^ = 0, (9^ —4)6" = are the on-shell conditions of the D2 vector zero-norm state. 
C(/ii/A) and C[fj_i,] in Eq.(2.12) arc the background fields of the symmetric spin-three and 
antisymmetric spin- two states, respectively, at mass level = 4. Eq.(2.12) is the result of 
the first order weak field approximation but, in contrast to the high energy a' — > 00 result 
of [1-3], valid to all energy a' in the generalized cr-model approach. It is important to note 
that the decoupling of D2 vector zero- norm state implies simultaneous change of both C(^^y\) 
and C[^yT^ , thus they form a gauge multiplet. In general, an inter-particle zero-norm state 
can be defined to be D2 -\- 0.D1, where a is an arbitrary constant. 

B. Zero- norm states in the helicity basis 

In this subsection, we are going to do the most general spectrum analysis which natu- 
rally includes zero-norm states. We will then solve the Virasoro constraints in the helicity 
basis and recover the zero-norm states listed above [7, 13]. In particular, this analysis will 
make it clear how D2 zero-norm state in Eq.(2.10) can induce the inter-particular symmetry 
transformation for two propagating states at the mass level = 4. 

We begin our discussion for the mass level = 2. At this mass level, the general 
expression for the physical states can be written as 



[7] 



(2.12) 



(2.13) 



In the OCFQ of string theory, physical states satisfy the mass shell condition 



{Lo-l)\phys)^O^e 



(2.14) 
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and the Virasoro constraints Li\phys) — L2\phys) — which give 

e^u = —£fj,uk , (2.15) 
r^e^,. = 2e^,A;^A;^ (2.16) 

In order to solve for the constraints Eq.(2.15) and Eq.(2.16) in a covariant way, it is 
convenient to make the following change of basis, 

ep = -{E,0,....,k) (2.17) 
m 

eL = -(k,0,....,E) (2.18) 
m 

= (0, 0, l(i-th spatial direction), 0), i = 1, 2, 24. (2.19) 
The 2nd rank tensor e^,^ can be written in the helicity basis Eqs.(2.17)-(2.19) as 

= Yl AB = P, L, n (2.20) 

A,B 

In this new representation, the second Virasoro constraint Eq.(2.16) reduces to a simple 
algebraic relation, and one can solve it 

1 

upp = + y^^T^rJ- (2.21) 

1=1 

In order to perform an irreducible decomposition of the spin-two state into the trace and 
traceless parts, we define the following variables 

24 



x = ^(«LL + X^iir,Tj, (2.22) 
1=1 

1 1 

y = -{uLL--,Y.^T.Td- (2.23) 



1=1 
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We can then write down the complete decompositions of the spin-two polarization tensor as 

24 
i=l 

24 

+ y -^^-') 



1=1 

s 

i,j 1=1 

+ wpL(e^e^ + ejef ) 

24 

i=l 
24 

+ + (2.24) 

i=l 

The first Virasoro constraint Eq.(2.15) implies that vector is not an independent variable, 
and is related to the spin-two polarization tensor e^u as follows 

24 

- 5\/2xe^ + V2upLe^ + ^^upT^e^i . (2.25) 

i=l 

Finally, combining the results of Eqs.(2.13),(2.24) and (2.25), we get the complete solution 
for physical states at mass level rr? — 2 



24 



= x{ha^_^OL^_^ + a\otx -^^^oi^-xf^-x + ^^OiLi)\^, k) (2.26) 

1=1 

24 

+ y - «-\«-\) |0, A;) (2.27) 



i=l 

24 
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+ ^(i^T.T, - ^ E UT,T,)a\a'^^% k) (2.28) 



24 



+ upL{2a^^^a'l^ + V2Q;f:2) |0, A;) (2.29) 

24 

+ ^upTi{'2a^iOi\ + V2q;!^2)|0, A;) (2.30) 

i=l 
24 

+ 2^iiiT,«V?i|0,A;), (2.31) 



1=1 



where the oscillator creation operators a^^, a^-^^, q;^\, etc., are defined as 

a^^ = ei-a>'_^, neN, A = P,L,T,. (2.32) 

In comparison with the standard expressions for zero-norm states in subsection A, we find 
that Eqs. (2.26), (2.29) and (2.30) are identical to the type II singlet and type I vector 
zero-norm states for the mass level —2 

(2.26) = 2a;[(^77^, + y^^K)at^a''_^ + \Ka>t2]\Q, k), 

(2.29) = V2upL[e^^Kat,a''_, + e^at2]\0,k), 

24 

(2.30) = Yl ^'^PTX^^;^vOi\a!'_^ + eJa'^allO, k). (2.33) 

i=l 

In addition, one can clearly see from our covariant decomposition how zero-norm states 
generate gauge transformations on positve-norm states. While a nonzero value for x induces 
a gauge transformation along the type II singlet zero-norm state direction, the coefficients 
upL,upTi parametrize the type I vector gauge transformations with polarization vectors 
9 = and 9 = 6^% respectively. Finally, by a simple counting of degrees of freedom, one 
can identify Eqs (2.27), (2.28) and (2.31) as the singlet (1), (traceless) tensor (299), and 
vector (24) positive-norm states, respectively. These positive-norm states are in a one-to-one 
correspondence with the degrees of freedom in the light-cone quantization scheme. 

We now turn to the analysis of — 4 spectrum. Due to the complexity of our calcula- 
tions, we shall present the calculations in three steps. We shall first write down all of physical 
states (including both positive-norm and zero-norm states) in the simplest gauge choices in 
the helicity basis. We then calculate the spin-3 state decomposition in the most general 
gauge choice. Finally, the complete analysis will be given to see how D2 zero-norm state in 
Eq.(2.10) can induce the inter-particle symmetry transformation for two propagating states 
at the mass level — A. 

1. Physical states in the simplest gauge choices 

To begin with, let us first analyse the positive-norm states. There are two particles at the 
mass level = 4, a totally symmetric spin-three particle and an antisymmetric spin-two 
particle. The canonical representation of the spin-three state is usually choosen as 

e^.A Q;^i«-ia-i|0,A;), A;' = -4, (2.34) 
9 



where the totally symmetric polarization tensor e^^x can be expanded in the helicity basis 
as 

e^^^A^ ^ABce^e^e'^, A, B,C = P, L,Ti. (2.35) 

A,B,C 

The Virasoro conditions on the polarization tensor can be solved as follows 



k\ux = =^ UPAB = 0, VA, B^P,L, Ti, (2.36) 

V^^^HuX = ^ UllL + UTiTiL = 0, 

i 

ULLTi + YuTjTjTi = 0. (2.37) 
j 

If we choose to keep the minimal number of L components in the expansion coefficients 
uabc for the spin-three particle, we get the following canonical decomposition 

\A{e)) = {e,,WUa'^_,a^_,)\0,k) = \A{u)) 

i 

+ ^ 3 MT.TjTi ~ "-ia-ia-i)|0, k) 
+ Yl 6 MTiT.Tfe (tt-itt-ia-i)lO, A;) 



+ Y^^^iTi(^ '^-I'^-i'^-i - «-ia-i«-i)|0, A;) 



+ Y 6 wlt,t,(«^«?i«j'i)|0, A;). (2.38) 

It is easy to check that the 2900 independent degrees of freedom of the spin-three particle 
decompose into 24 -|- 552 -|- 2024 -|- 24 -|- 276 in the above representation. 

Similarily, for the antisymmetric spin-two particle, we have the following canonical rep- 
resentation 

e[^,.]a^a^:2|0,fc). (2.39) 
Rewriting the polarization tensor e[^^,^] in the helicity basis 

^M = Y''[A,B]e^e^, (2.40) 

A,B 
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and solving the Virasoro constraints 



24 



re[^,.] = 2^;[p,i]e^ + 2 ^ ^;[p,T,]eJ = 0, (2.41) 



1=1 



we obtain the following decomposition for the spin-two state 

\B{e)) =e[^,,]aV-2|0,^) = |5(^)) 

= ^v^Tiiia-ia^ - Q;-ia-2)|0, A;) 

i 

+ E m,TAi^-i^-2 - «^i«?2)|0, /^). (2.42) 

Finally, one can check that the 300 independent degrees of freedom of the spin-two particle 
decompose into 24 -|- 276 in the above expression. 

For the zero-norm states at = 4, we have the following decompositions 

1. Spin- two tensor 

\C{e)) = {kxe^,,a\a''_^a\ + 2 e^,at^a''_^)\Q, k) 

i 

+ ^ 2 ^TiT,.(2 a^\a%a^^ + a^\a% + a^^a%)\Q, k) 

+ ^2 Qi^T.i^l a\a\a\ + a\a^22 + OL2^ot-^\^, k), (2.43) 

i 

where we have solved the Virasoro constraints on the polarization tensor O^j, 

A,B 

V'^^'O^, = -epp + + ^T.T, = 0' (2.45) 

i 

A;'^ V = -2^ppeJ' - ^dpi^e^, - 2 J] ^pr.ej = 0. (2.46) 

i 

The 324 degrees of freedom of on-shell 6'^,,decompose into 24 -\- 276 -\- 24 in Eq.(2.43). 
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2. Spin-one vector (with polarization vector 9 ■ k — 0, 9^ — ^a^^^: A — L, Tj) 

+ 9k^^^e,)at,a''_^ + 6e^at^]\0, k) (2.47) 

+ 9(a:^^ia^2 + «-i«-2) + 6a-3]|0,fc)- (2.48) 

3. Spin-one vector (with polarization vector 9 ■ k = 0, 9^ = ^^6*^6^, A = L,Ti) 



\D2{9)) = [{^k^k,9x + 2ri^J^)a'i,a''_y_, 



- 9k[^e,]a''_,a''_^ - 69^a%]\0, k) (2.49) 
= ^ 9A[2a^-ia^^ia\ + 2 J]] a%a%a\ 



A j 



9(a_ia_2 - a::ial2) - Ga-s] |0, k). (2.50) 



4. spin-zero singlet 

17, , , 9 



1-^) = [(^^M^i/'^A + 2^M'''^A)tt-ia^ia-i 

+ (21A;^A;, + 9v^^,)a'tia''_2 + 25k^a%]\0, k) (2.51) 

= [25(a^ia^ia^i + 3a^ia^^2 + '^'^-s) 

+ 9a:^:ia^:ia!^i + 9a^_^a[_^ + 9^{a\a\a'"_^ + a^^iCt^^ajllO, A;). (2.52) 
2. Spin-three state in the most general gauge choice 

In this subsection, we study the most general gauge choice associated with the totally 
symmetric spin-three state 

[^M^^Aa-ia-ia^i + e^f,^,)a^_^a^_2 + e^a''_^]\Q, k), (2.53) 



12 



where Virasoro constraints imply 

3 



Sini^) = —k^Sf^^^x, (2.54) 
1 



^fj. — '^k^k'^^fivx-i (2.55) 
2?7''"£^.A = k^k^'e^^x- (2.56) 

Eqs.(2.54) and (2.55) imply that both and are not independent variables, and 

Eq.(2.56) stands for the constraint on the polarization £^,/a- In the helicity basis, we define 

e^.x = Yl ""ABC e^ef e^, A,B,C = P, L, T,. (2.57) 

A,B,C 

Eq.(2.56) then gives 

V^^'uABC = 2nppc, AB,C = P, L, T,, (2.58) 

A,B 

which implies 

3uppc - ullc - Y ^^.^.^ = C^P,L, Ti. (2.59) 
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Eliminating ullp,ulll and ullt, from above equations, we have the solution for Sfj,„\, 
and £^ 

S/xi^x = uppp [ej'ef + 3(eje^ef + per.)] 
+ UPPL {{elele\ + per.) + 3eje^e^] 
+ Y.UPPT, [{e^e^el^ + per.) + 3(6^6^6^' + per.)] 

i 

+ ^«pr,T, [{e^el^el^ + per.) - (eje^e^ + per.)] 

+ ^p'^^'^i + per-] 

+ '^PLT. [ej'e^e^" + per.] 

i 

+ E [(eje^'e? + Per.) - eje^e^] 

i 

+ Xl^-^^i^.- [eJe^'e?+Per-] 

+ J]«T,r,r, [eje^^e^^ - (eje^e^^ + per.)] 

i 

+ ^^.-^.-^i + per-) - (eje^e^* + per.)] 

+ E iiT,r,r, [ej'e^^e^'=+per.], (2.60) 

^^(/.i.) = uppp{e^e^ + 3eje^) 

i 

+ X]^PiT,(eX^ + eJe^) 

i 

+ J]^ipT,T,(eJe^'-eJe^) 

i 

+ J] «PT,T,(eJe^^ + e^^ef ), (2-61) 
= [uppp + -uppL + E uppTi el% (2.62) 
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Putting all these polarizations back to the general form of physical states Eq.(2.53), we get 

[e^^Att-itt-itt-i + e(^i^^)a'^ia'"_2 + E/^a'^^W^, k) 

= |^(^)) + \c{e)) 

i 

i j 

+ ^[uLLP + Y,UpT^Tm- (2.63) 
i 

For the first two terms on the right hand side of Eq.(2.63), we need to make the following 
replacements. For the positive-norm state in Eq.(2.38) 

1 - 1 

UTiTiTi UTiTiTi " gl^PPTi, '^TjTjTi ^ '^TjTjTi " -UpPTi, 

UTiTjTk ~^ "^TiTjTk '^LTiTi "^LTiTi — -UppL, ^LTtTj "^LTiTy (2.64) 

For the spin-two zero-norm state \C{9)) in Eq.(2.43), the replacement is given by 

3 

26'Lri ^UpLTi, '^OxiTj ^UpTiTj: for i 7^ j, 26'TiTi ^{upTiTi-—Uppp). (2.65) 

It is important to note that for the spin-three gauge multiplet, only spin-two, singlet and 
Di vector zero-norm states appear in the decomposition Eq.(2.63). In the next subsection, 
we will see how one can include the missing D2 zero-norm state in the analysis. 

3. Complete spectrum analysis and the D2 zero-norm state 

After all these preparations, we are ready for a complete analysis of the most general 
decomposition of physical states at — 4. The most general form of physical states at this 
mass level are given by 

[e^i/AQ!-iQ!-iQ!-i + e(^^)Q!^liQ;^2 + e[H'^-i'^-2 + ^tiOi-zW^-, k)- (2.66) 



The Virasoro constraints are 



3 

^(nu) = --k^^i^^x, (2.67) 

-re[^,] + 3e^ = ^r/c^e^,A, (2.68) 

2k''eif,,] + 3e^ = ^ik'^k^ - v"^)e^.x- (2.69) 
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The solutions to Eqs.(2.68) and (2.69) are given by 

^'qH = (^^'^^-^'^)e/..A, (2.70) 
3e^ = (2rA;^-r^^")e^,A. (2.71) 

In contrast to the previous discussion Eqs.(2.54),(2.55), where both e(^,^) and are 
completely fixed by the leading spin-three polarization tensor e^^Xi we now have a new 
contribution from k^'e^^^y It will become clear that this extra term includes the intcr- 
particle zero-norm state D2, Eqs.(2.49) or (2.50). Furthermore, it should be clear that the 
antisymmetric spin-two positive-norm physical states are defined by requiring e^,^A — ^{nu) — 
and €n — k'^e[^i,^ — 0. In the following, for the sake of clarity, we shall focus on the effects 
of the new contribution induced by the e[^i^] only. 

The two independent polarization tensors of the most general representation for physical 
states Eq.(2.66) are given in the helicity basis by 

e,.x = Uabc e^ef e^, A,B,C^ P, L, T,; (2.72) 

ABC 

qH=E^^^]<^^ (2-73) 

A,B 

The Virasoro constraint Eq.(2.70) demands that 

3Uppp - Ullp - J2 ^PTiT, = 0, (2.74) 

i 

WppL - Ulll - J2 ^L'TiTi = 2 > (2-75) 

i 

SUppTi — UlLTi — UTjTjTi — '^VlPTil- (2.76) 

j 

In contrast to Eq.(2.59), the solution to the above equations become 

UppL = U^pk + U^pL where [/g,^ = ^{Ulll + ^ C/t.t.l), U^pk = ^^pl] ; (2.77) 

i 

UPPT^ = U^pIt, + U^pk, where [/^^^ = ^{U,lt^ + ^ Ut,t,t^, U^^^^ = \v^pt,^. (2.78) 

j 

It is clear from the expressions above that only C/pp^ and Uppj,. give new contributions to 
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our previous analysis in the last subsection, so we can simply write down all these new terms 
Se^^x = ^[V1pL](eJef + per.) + VT,](eJ'ef + per.)], (2.79) 

i 

(^e[H = V[PL]ie^e^ - per.) + ^PTi](eJe^^ - per.) 

i 

+ E - Pe^O + E ^It.tM'^u - per.), (2.80) 

i i^j 

Sei^u) = 2[V[PL]{e^et + per.) + ^ V[prd(eJ'e^' + per.)], (2.81) 

i 

5e, = 2mp^ei + J2ViPT.]ef]. (2.82) 

i 

Finally, the complete decomposition of physical states Eq.(2.66) in the helicity basis becomes 

= \A{Ucba)) + |5(%A])) + |C(t/pBA)) (2.83) 
+ E [liULLA + J2UnT,A)]me^)) (2.84) 

-I E VA]|i^^(e^)) (2.85) 

A=L,Ti 

+ ^[ULLP + J2UpT,Tm- (2.86) 

i 

In Eq.(2.83), \A{Ucba)) is given by Eq.(2.38) with ucba given by Eq.(2.64) and we have 
replaced m by C/ on the r.h.s. of Eq.(2.64). The antisymmetric spin-two positive-norm state 
\B{V[TiA])) is given by Eq.(2.42) and we have replaced v hj V in Eq. (2.42). Finally, 
\C{Upba)) is given by Eq.(2.43) with 6 given by Eq.(2.65) and we have replaced uhj U on 
the r.h.s. of Eq.(2.65). In Eq.(2.85), \D'^{e^)) = |£>2(e^)) - 2|i:>i(e^)) is the inter-particle 
zero-norm state introduced in the end of subsection A with a — —2. Note that the value of 
q; is a choice of convension fixed by the parametrizations of the polarizations. It can always 
be adjusted to be zero. In view of Eqs.(2.77) and (2.78), we see that one can use either V[pa] 
or Uppji^ ( ^ = L,Ti) to represent the polarization of the \D'2{e^)) inter-particle zero-norm 
state. 

We conclude that once we turn on the antisymmetric spin-two positive-norm state in 
the general representation of physical states Eq.(2.66), it is naturally accompanied by the 
D2 inter-particle zero-norm state. The polarization of the D2 inter-particle zero-norm state 
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can be represented by either V[pa] or U%j^ ( A = L,Ti) in Eqs.(2.72) and (2.73). Thus 
this inter-particle zero-norm state will generate an inter-particle symmetry transformation 
in the cr-model calculation considered in [7, 13]. Note that, in contrast to the high-energy 
symmetry of Gross [5], this symmetry is valid to all orders in a' . 

III. LIGHT-CONE DDF ZERO-NORM STATES 

In the usual light-cone quantization of bosonic string theory, one solves the Virasoro 
constraints to get rid of two string coordinates X^. Only 24 string coordinates a\^, i — 
1, , 24, remain, and there are no zero-norm states in the spectrum. However, there exists 
another related quantization scheme, the DDF quantization, which does include the zero- 
norm states in the spectrum. In the light-cone DDF quantization of open bosonic string 
[17], one constructs transverse physical states with discrete momenta 

p^-iVA;o^ = (l,0 ,-l + 7V), (3.1) 

where = ^(X° iX^S) and p+ = 1, = -1 + N. In Eq.(3.1) = -p^ = 2{N - 1) 
and Pq = (1, 0..., —1), = (0, 0..., —1), respectively. All other momenta can be reached by 
Lorentz transformations. The DDF operators are given by [17] 

4 = ^/X^(r)e"^^"(^)dr, ^ = 1, , 24, (3.2) 
In Q 

where the massless vertex operator V'^{nko,T) = X'^{T)e'^^'^~^^'^^ is a primary field with con- 
formal dimension one, and is periodic in the worldsheet time r if one chooses = nk^ with 
n E Z. It is then easy to show that 

[Lm,Al^] = 0, (3.3) 

[4n,Ai]^rnSijSm+n. (3.4) 

In addition to sharing the same algebra, Eq.(3.4), with string coordinates a^, the DDF 
operators Al^ possess a nicer property Eq.(3.3), which enables us to easily write down a 
general formula for the positive-norm physical states as following 

(A^_X(A'_,y\...(AiJ'- I 0,po >, ir e N, (3.5) 
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where | 0,po > is the tachyon ground state and N — J^^i^^r is the level of the state. 
Historically, DDF operators were used to prove no-ghost (negative-norm states) theorem for 
D — 26 string theory. Here we are going to use them to analyse zero-norm states. It turns 
out that zero-norm states can be generated by 

oo D-2 

(3.6) 

m=l i=l 

where A~ is given by 

A- = X-e^"^" : -izn^(logX+)e-^"]dr. (3.7) 

It can be shown that A~ commute with and satisfy the following algebra 

[A-,Ai,]^0, (3.8) 

26 -D 
U 



[^m> ^n] = ("^ - n)^m+n + ,n ^^^m+n- (3.9) 



Eqs.(3.4), (3.8) and (3.9) constitute the spectrum generating algebra for the open bosonic 
string including zero-norm states. The ground state | 0,po >=| > satisfies the following 
conditions 

I >= i- I >= 0, n > 0, (3.10) 
^-|0>=-^^^, 4|0>=0. (3.11) 

We are now ready to construct zero-norm states in the DDF formalism. 

1. = : One has only one scalar AZi \ >, which has zero-norm for any D. 

2. — 2 : One has a light-cone vector A^_iAZi | >, which has zero-norm for any D, 
and two scalars, whose norms are calculated to be 

II ( aAZiAZi + feila) I >||= (3.12) 

For 6 = 0, one has a "pure type I" zero-norm state, AZiAZi \ >, which has zero-norm for 
any D. By combining with the light-cone vector AZiAZi \ >, one obtains a vector zero- 
norm state with 25 degrees of freedom, which correspond to Eq.(2.5) in the OCFQ approach. 
For 6 7^ 0, one obtains a type II scalar zero-norm state for D — 26, which corresponds to 
Eq.(2.4) in the OCFQ approach. 

3. = 4 : 
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I. A spin- two tensor A'ZiA-'_iA_i | >, which has zero-norm for any D. 

II. Three hght-cone vectors, whose norms are calculated to be 




(3.13) 



III. Three scalars, whose norms are calculated to be 



( dAZiAZiAZi + eAZiAZ2 + Mig) | >||= 2(26 -D){e + ff. 



(3.14) 



For c = in Eq.(3.13), one has two "pure type I" light-cone vector zero-norm states. For 
e -\- f — in Eq.(3.14), one has two "pure type I" scalar zero-norm states. One of the 
two type I light-cone vectors, when combining with the spin-two state in I, gives the type 
I spin- two tensor which corresponds to Eq.(2.7) in the OCFQ approach. The other type I 
light-cone vector, when combining with one of the two type I scalar, gives the type I vector 
zero-norm state which corresponds to Eq.(2.8) in the OCFQ approach. The other type I 
scalar corresponds to Eq.(2.9). Finally, for c 7^ and e + / 7^ 0, one obtains the type II 
vector zero- norm state for D — 26, which corresponds to Eq.(2.6) in the OCFQ approach. 
It is easy to see that a special linear combination of h and c will give the inter-particle vector 
zero-norm state which corresponds to the inter-particle D2 zero-norm state in Eq (2.10). 
This completes the analysis of zero-norm states for — 4. Note that the exact mapping 
of zero-norm states in the light-cone DDF formalism and the OCFQ approach depends on 
the exact relation between operators {A~,A\^,Ln) and a^, which has not been worked out 
in the literature. 

IV. BRST ZERO-NORM STATES IN WSFT 

Cubic string field theory is defined on a disk with the action 




(4.1) 



where Qb is the BRST charge 



00 



00 




(4.2) 



n=— 00 



m,n=— 00 
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and $ is the string field with ghost number 1 and b, c are conformal ghosts. Since the ghost 
number of vacuum on a disk is -3, the total ghost number of this action is as expected. 
The string field can be expanded as 

k,m,n 

where the string ground state |Q) is 

|Q) = ci |0) . (4.3) 

The gauge transformation for string field can be written as 

5$ = QbA + ^($*A-A*$), (4.4) 

where A is the a string field with ghost number 0. 

For the purpose of discussion in this paper, we are going to consider the linearized gauge 
transformation 

= QbK (4.5) 

where QbA is just the off-shell zero-norm states. In the following, we will explicitly show 
that the components of Eq.(4.5) are in one-to-one correspondence to the zero-norm states 
obtained in OCFQ approach in section II level by level for the first few mass levels. 

There is no zero-norm state in the lowest string mass level with = —2, so our analysis 
will start with the mass level of = 0. 

— 0: 

The string field can be expanded as 

$ = {iA^ {x) ati + a {x) 6_iCo} \n) , (4.6) 
A={eO(x)6_i}|Q). (4.7) 

The gauge transformation is then 

QbA = |-^a^e°6_iCo + e°ao • ^-ij |^^) ■ (4.8) 

The nilpotency of BRST charge Qb gives 

QlA = 0, (4.9) 
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which can be easily checked to be vahd for any D. Thus Eq.(4.8) can be interpreted as a type 
I zero-norm state. To compare it with the zero-norm state obtained in OCFQ approach in 
section II, we need to reduce the Hilbert space by removing the ghosts states. In particular, 
the coefficients of terms with ghost operaters must vanish. For the state in Eq.(4.8), it is 

ale^ = 0, (4.10) 

which give the on-shell condition /c^ = and the following zero-norm state 

QbA = e'^ao • a-i |Q) . (4.11) 

This is the same as the scalar zero-norm state obtained in OCFQ approach. 

= 2: 

The string fields expansion are 



-2 



$ = {-B^^ (x) a\a\ + iS^ (x) 

+i(3^ (x) at^h^^co + {x) 6_2Co + (5^ {x) 6_ic_i} \Q) , (4.12) 
A = [lel {x) at^h^^ + {x) 6_2} \^) ■ (4.13) 



The off-shell zero-norm states are calculated to be 



■ 01.-2 



1 1 

- i- {al + 2) (e° • 6_iCo - - (ao + 2) e^6_2Co 

-(iQ;o-e° + 3e^)&_ic_i}|Q). (4.14) 

Nilpotency condition requires 

QbA = ^^e^C-2 \^) = 0. (4.15) 

There are two solutions of Eq.(4.15), which correspond to the type I and type II zero-norm 
states, respectively. 

1. Type I: in this case D is not restricted to the critical string dimension in Eq.(4.15), 
i.e. D ^ 26. Thus 

= 0. (4.16) 



22 



The no-ghost conditions of Eq.(4.14) lead to the on-shell constraints 

Qio + 2 = 0, (4.17) 

ao • e° = 0. (4.18) 

The off-shell zero-norm state in Eq.(4.14) then reduces to an on-shell vector zero-norm 
state 

QbA = « • a-i) (tto • «-i) + e° • ^-s} 1^) (4.19) 

2. Type II: in this case D is restricted to the critical string dimension, i.e. D — 26, 
and can be arbitrary function. The no-ghost conditions then lead to the on-shell 
constraints 

+ 2 = 0, (4.20) 

iao ■ e° + 3e^ = 0. (4.21) 

The second condition can be solved by a special solution 

4 = -|«o^e\ (4.22) 

which leads to an on-shell scalar zero-norm state 



QbA = («o • + ^ (a-i • q;_i) + ^ (ao • Qi-2)| |0) (4.23) 

Again, up to a constant factor, the zero-norm states Eqs.(4.19) and (4.23) are the same 
as Eqs. (2.5) and (2.4) calculated in the OCFQ approach. 
= 4: 

The string fields are expanded as 

$ = {-iCf,^x (x) a\a'L^a\ - C^^ (x) a^!2"-i + (x) a'^^ 

- li^u {x) a\a\h_iCQ + ^7° {x) a't^b_2Co + i^l {x) a\h_ic_i 

(x) at^b-ico + 7° (x) 6_3Co + 7' (x) 6_2C_i + 7' (x) 6-iC_2} |^^) , (4.24) 

A = (x) a'^^^a''_^b-i + ie^ (x) a^la^-i 1^) 

+iel (x) + (x) 6_3 + (x) 6-16-2C0} \n) . (4.25) 
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The off-shell zero-norm states are 



QbA 



1 1 

- {al + 4) e^y + -e^r]^y 



+ 
+ 



I 
2 

i 



1 



--{al + 4) + ao,.e' 



at2b-iCQ -\- 



(«o + 4) 



b-3Co 



+ {-ia^el - 4e2 - 2e') 6_2C_i + {-2iay^ - Se' + 4e3 + 6-ic_2} |^^) ■ (4.26) 



Nilpotency condition requires 

QlA ={D- 26) 



0. 



2 M — ^2 
Similarly, we classify the solutions of Eq. (4.27) by type I and type II in the following: 



(4.27) 



1. Type I: Dy^ 26. This leads to 



e'^e'^el^ 0, 



(4.28) 



The no-ghost conditions lead to the on-shell constraints 

Qio + 4 = 0, 
1 



0, 



-2i {ao ■ e^) + e;; = 0. 



(4.29) 
(4.30) 
(4.31) 



One can apply the same technique as in subsection IIB to obtain a complete set of 
solutions to Eqs.(4.30) and (4.31). However, for simphcity, we shall list all independent 
solutions only. There are three independent solutions to the above equations, which 
correspond to the three type I on-shell zero-norm states: 



Tensor zero-norm state 



4 = 0, ao^M^ = 0, = 0, 



(4.32) 
(4.33) 
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Vector zero-norm state 



"0 • = 0, e^^ = -- (aov4 + ao/.4) > (4-34) 
QbA = (ao • Q!-i)^ (e^ • Q!_i) + 2i (e^ • a_^) 



3 1 "1 

+ - (ao • tt-i) (e^ ■ tt-2) + 2 ("0 • a-2) (e^ • a-i) > \Vt) 



(4.35) 



Scalar zero-norm state 



1 i{D-l) a a A^ + D) 



ao^O, e^y = r]u,J H — — ao/.aoi/^', (4.36) 



QbA ^ ~^ { ('^0 • oi^if + ^ ("0 • a-i) (a-i • "-i) + 9 ("-i • "-2) 

^3(^^ (ao • a-i) («o • a-2) + (^ - 1) («o • o^-a) ^9\n). (4.37) 
If we set D — 26, then 

2 r 17 . ,3 9 



+21 {ao ■ a-i) (ao ■ a-2) + 25 (ao ■ a-3)} \n) , (4.38) 
where 9 is an arbitrary function. 

2. Type II: D = 26 in Eq.(4.27), and e^,e^ and are arbitrary functions. The no-ghost 
conditions lead to the on-shell constraints 

al + 4: = 0, (4.39) 

= 0, (4.40) 

2a^e,^ - 2iel - 3iel = 0, (4.41) 

ia^el + 4e2 = 0, (4.42) 

-2ia^€l - + €"^ = 0. (4.43) 

In addition to all three type I zero-norm states as found above, we now have a new 
solution to the above equations. This special solution can be chosen as 

= {ao ■ e') = 0, (4.44) 

e^u = -C {aof,el + aouel) , (4.45) 

1 SiC — 3 o / . . \ 

4 = ^—4' (4-46) 
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which gives an on-shell vector zero-norm state 

QbA = i |(8iC - 2) (e^ • a.g) + ^ • (e^ • a_i) 

+ {2iC + 1) (ao • a-2) (e^ • q;_i) + 2iC {ao ■ q;_i)^ (e^ ■ q;_i) 

For a special value of C = — 3i/4, Eq.(4.47) becomes 

f 1 5 

QbA = i j 4 (e^ • a-3) + - («_! • q;_i) (e^ • q;_i) + - (ao • (^-2) (e^ • a-i) 

+^ (ao • a-i)' (e' • a-i) + 3 (ao • a_i) (e' • a_2) | |0) . (4.48) 

Up to a constant factor, zero- norm states in Eqs.(4.33), (4.35), (4.38) and (4.48) are 
exactly the same as Eqs.( 2.7), (2.8), (2.9) and (2.6) calculated in the OCFQ approach. 
In addition, it can be checked that for C — — 5i/8 and — i/16 in Eq.(4.47), one gets 
Di and D2 zero-norm states of OCFQ approach in Eqs.(ll) and (10), respectively. 

In Ref [16], the background ghost transformations in the gauge transformations 
of WSFT [15] were shown to correspond, in a one-to-one manner, to the lifting of 
on-shell conditions of zero-norm states in the OCFQ approach. For the rest of this 
section, we are going to go one step further and apply the results calculated above 
to demonstrate that off-shell gauge transformations of WSFT are indeed identical to 
the on-shell stringy gauge symmetries generated by two types of zero-norm states in 
the generalized massive cr-model approach [7] of string theory. For the mass level 
= 2, by using Eqs.(4.12) and (4.13), the linearized gauge transformation of WSFT 
in Eq.(4.5) gives 

5B^, - -9(^6°) - ^e\,, (4.49) 

5B^ = -d,e' + ^ej, (4.50) 

6P, = l{d'-2)e% (4.51) 

Sp'^^{d'-2)e\ (4.52) 

Sp^ = -^^'el-3e\ (4.53) 

For the type I gauge transformation induced by zero- norm state in Eq.(2.5), one can 
use Eqs.(4.16) -(4.18) to ehminate the background ghost transformations Eqs.(4.51)- 
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(4.53). Finally, conditions of worldsheet conformal invariance in the presence of weak 
background fields [7] can be used to express in terms of S^i^, and one ends up with 
the following on-shell gauge transformation by Eq.(4.49) 

SB,,^d^^ely, d'^el^O, {d'-2)el^0. (4.54) 

Similarly, one can apply the same procedure to type II zero-norm state in Eq.(2.4), 
and derive the following type II gauge transformation 

SB^,^^d^d,e'-^r)^,e\ {of-2)e'^0. (4.55) 

Eqs.(4.54) and (4.55) are consistent with the massive cr-model calculation in the OCFQ 
string theory in [7]. 

For the mass level = 4, by using Eqs.(4.24) and (4.25), the linearized gauge 
transformation of WSFT in Eq.(4.5) gives 



SCf^ux — 


Q ^2 


(4.56) 


'^C'lH = 




(4.57) 






(4.58) 






(4.59) 






(4.60) 






(4.61) 


K = 


e,^^ — 2e^ — 3e^, 


(4.62) 






(4.63) 






(4.64) 




-d'^el - Ae^ - 2e^ 


(4.65) 


57^ = 


-2d''ti - 5e2 + At^ + e°^. 


(4.66) 



For the gauge transformation induced by D2 zero-norm state in Eq.(4.48), for example, one 
can use Eqs.(4.39)-(4.46) with C = -i/16 to eliminate Eqs.(4.60)-(4.66). One can then use 
the fact that background fields C(^iy) and are gauge artifacts of C^j^ux in the cr-model 
calculation, and deduce from Eqs.(4.56)-(4.59) the inter-particle symmetry transformation 

SC,,x = \di^dj^^'^ - 277(^.elf \ = 95[/^4f ^ (4-67) 
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where d^e\^ — 0, (9^ — 4)e^ ^' — 0. The other three gauge transformations corresponding 
to three other zero- norm states, the spin- two, Di, and scalar can be similarly constructed 
from Eqs.(4.56)-(4.66). One gets 

SC^uX = 9(^e,A); d'^e^, = 0, {d^ - 4)e^, = 0, (4.68) 

SC,^x = ld^,dj,^'^ - rj^,J,^'^; d>^ef^^ = 0, {d' - A)ef^^ = 0, (4.69) 

<^C^.A = ^d^dM - Ivif^Jxy, (a' - 4)^ = 0. (4.70) 

Eqs.(4.67)-(4.70) are exactly the same as those calculated by the generalized massive cr-model 
approach of string theory [7] . 

We thus have shown in this section that off-shell gauge transformations of WSFT are 
identical to the on-shell stringy gauge symmetries generated by two types of zero-norm 
states in the OCFQ string theory. The high energy hmit of these stringy gauge symmetries 
generated by zero-norm states was recently used to calculate the proportionality constants 
among high energy scattering amplitudes of different string states conjectured by Gross 
[5]. Based on the zero-norm state calculations in [1-3] and the calculations in this section, 
we thus have related gauge symmetry of WSFT [15] to the high- energy stringy symmetry 
conjectured by Gross [4-6]. 

V. CONCLUSION 

In this paper, we have calculated zero-norm states in the OCFQ string theory, the light- 
cone DDF string theory and the off-shell BRST string theory. In the OCFQ string theory, 
we have solved the Virasoro constraints for all physical states ( including zero-norm states) 
in the helicity basis. Much attention is paid to discuss the inter-particle zero-norm state at 
the mass level = 4. We found that one can use polarization of either one of the two 
positive-norm states to represent the polarization of the inter-particle zero-norm state. This 
justifies how one can have the inter-particle symmetry transformation for the two massive 
modes in the weak field massive cr-model calculation derived previously [7]. This inter- 
particle symmetry transformation, in contrast to the high energy symmetry of Gross [5], is 
valid to all energy. 

In the light-cone DDF string theory, one can easily write down the general formula for all 
zero-norm states in the spectrum. We have identified type I and Type II zero-norm states 
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up to the mass level — A. The analysis can be easily generalized to any higher mass level 
as well. 

Finally, we have calculated off-shell zero-norm states in the WSFT. After imposing the 
no ghost conditions, we can recover two types of on-shell zero-norm states in the OCFQ 
string theory. We then show that off-shell gauge transformations of WSFT are identical 
to the on-shell stringy gauge symmetries generated by two typse of zero-norm states in the 
generalized massive cr-model approach of string theory. Based on these zero-norm state 
calculations, we have thus related gauge symmetry of WSFT [15] to the high-energy stringy 
symmetry of Gross [5]. 
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